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ABSTRACT
We calculate the Riemann curvature tensor and sectional curvature for the Lie group
of volume-preserving diffeomorphisms of the Klein bottle and projective plane. In
particular, we investigate the sign of the sectional curvature, and find a possible dis-
agreement with a theorem of Lukatskii. We suggest an amendment to this theorem.
1 Introduction
The theory of diffeomorphisms on two-dimensional manifolds can be applied to ideal
fluid dynamics, as well as to relativistic membranes. In the former case, we can see
a diffeomorphism on a two-manifold M as an infinitely differentiable mapping of
one fluid configuration onto another. The set of possible diffeomorphisms forms an
infinite-dimensional Lie group manifold, denoted by DiffM, upon which we choose
the identity to be an arbitrary configuration of the fluid. The fluid flow is then given
by a curve on DiffM which is parameterized by time. In particular, diffeomorphisms
which preserve the volume element on M form a Lie subgroup of DiffM, denoted
by SDiffM. These are related to the flow of an incompressible fluid.
With the application of a least-action principle for the fluid, the curve on SDiffM
can be shown to be a geodesic [1]. As the curvature of the space affects the deviation
of nearby geodesics, calculation of the curvature tensor for SDiffM will give infor-
mation about the behaviour of the fluid on M. More precisely, a negative sectional
curvature will cause geodesics to diverge, while if it is positive, they will remain in
the same neighbourhood. In this way, it is possible to predict whether or not two
initially similar fluid flows will remain similar, i.e. whether a flow is “stable”.
Arnold’s fundamental paper [2] calculates the curvature of the volume-preserving
diffeomorphism group for the torus, SDiffT 2. The calculation has been repeated for
the two-sphere by Lukatskii [3] (see also [4]), for the three-sphere by Dowker [5] and
for the flat Riemann surfaces by Wolski and Dowker [6], [7]. In this paper, we apply
Arnold’s calculation to the group of volume-preserving diffeomorphisms of the Klein
bottle and projective plane.
1
2 Formalism
The generators of volume-preserving diffeomorphisms on a locally Euclidean two-
manifold M have the form
vk = ǫ
ab∂bφk ∂a (1)
where φk is some scalar function on M. A complete set of diffeomorphisms on M
given by a complete set of functions φk is a Lie algebra, i.e.
[vk, vl] =
∑
m
fmklLm (2)
where the fmkl are the structure constants. This is the Lie algebra of the infinite-
dimensional Lie group SDiffM.
The kinetic energy of the fluid on M is used to define the metric at the identity
of SDiffM.
〈vk, vl〉 =
∫
M
d2x (ǫab∂bφk)(ǫ
cd∂dφl) ∂a · ∂c (3)
=
∫
M
d2x (∇φk) · (∇φl) (4)
since the metric on M is Euclidean:
∂a · ∂c = δac (5)
The kinetic energy is invariant under the right action of the diffeomorphism group,
since it is independent of the fluid configuration.
With the intention of calculating the curvature of SDiffM, we need an expression
for the covariant derivative. We follow the approach of Milnor [8] (though in our
own notation). If the metric is right-invariant, then for right-invariant fields v˜k,
equal to vk at the identity, we have
∇v˜k〈v˜l, v˜m〉 = 0 (6)
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so that
〈∇v˜k v˜l, v˜m〉+ 〈v˜l,∇v˜k v˜m〉 = 0 (7)
From now on we drop the tilde and designate the right-invariant fields on SDiffM
by vk. If we use the torsionless definition of the covariant derivative:
[vk, vl] = ∇vkvl −∇vlvk (8)
then from (7) we can derive, by permuting k, l and m:
2〈vk,∇vlvm〉 = 〈vk, [vl, vm]〉+ 〈vm, [vk, vl]〉 − 〈vl, [vm, vk]〉 (9)
To find an explicit expression for ∇vlvm, Arnold [2] defines the vectors B(vk, vl) such
that
〈vk, [vl, vm]〉 = 〈vm, B(vk, vl)〉 (10)
We then obtain
2∇vlvm = [vl, vm]−B(vl, vm)− B(vm, vl) (11)
due to the completeness of the set {vk}. The B vectors can be found by expanding
on the basis {vk}:
B(vk, vl) =
∑
m
bmklvm (12)
and then using the definition (10) to calculate the bmkl. Note that (11) holds only
for right-invariant fields.
As we have, from (2) and (4), the Lie bracket and metric at the identity, we can
therefore calculate the covariant derivative at the identity. The realization that, for
right-invariant fields, the structure constants in (2) are the same at every point on
the Lie group manifold, then allows us to calculate the second derivative, since the
fmkl are constant with respect to the covariant derivative.
The Riemann curvature tensor is defined by
R(vk, vl)vm = ∇[vk ,vl]vm − [∇vk ,∇vl]vm (13)
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and its covariant components are
Rvk,vl,vm,vn = 〈∇[vk,vl]vm − [∇vk ,∇vl]vm, vn〉 (14)
Additionally, in this paper we evaluate the normalized sectional curvature, and
use the general definition:
Cvk,vl =
Rvk ,vl,vk,vl
〈vk, vk〉〈vl, vl〉 − 〈vk, vl〉2
(15)
The sign of the above quantity is important, since it affects the stability of the fluid
flow generated by vk and vl. Lukatskii [9] has published a theorem which states that
on a locally Euclidean manifold, the sectional curvature defined by any two flows, of
which at least one is stationary, is non-positive, where a stationary flow is one for
which the fluid velocity field is time-independent. It can be shown (e.g. [10]) that
the fluid velocity satisfies
∂v
∂t
= −∇vv (16)
where our definition of ∇vv is different to that in [10] as we have defined ∇ to be
a vector on SDiffM. Using (11) leads to the equation for vectors v which generate
stationary flows:
B(v, v) = 0 (17)
3 The Curvature of SDiffT 2
In calculating the curvature of SDiff(Klein bottle), we use many of Arnold’s results
[2] for the torus. In this section, we quote these results.
Arnold considers a 2π × 2π torus, constructed by making the identifications
(x, y) = (x+ 2π, y) (18)
(x, y) = (x, y + 2π) (19)
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on a plane. The basis functions are chosen to be the eigenfunctions of the laplacian,
i.e.
φk = e
ik·x (20)
where k is a two-vector
k =
(
k1
k2
)
(21)
and k1 and k2 are integers, so that the φk are invariant under (18) and (19). The
diffeomorphism generators are therefore
Lk = ǫ
ab∂be
ik·x ∂a (22)
and, from (4), we have the scalar product
〈Lk, Ll〉 = 4π
2k2δk+l (23)
where we define δa ≡ δa,0
The Lie bracket is simply the commutator of the derivatives (22):
[Lk, Ll] = ǫ
ab∂bφk ∂a(ǫ
cd∂dφl ∂c)− ǫ
ab∂bφl ∂a(ǫ
cd∂dφk ∂c) (24)
= (k× l)Lk+l (25)
where k × l is the 2-dimensional cross product k1l2 − k2l1. Inserting (23) and (25)
in (10) we obtain the expansion coefficients for B(Lk, Ll):
bmkl = (m× l)
k2
m2
δk+l−m (26)
so that
B(Lk, Ll) = (k× l)
k2
(k + l)2
Lk+l (27)
The calculation of the Riemann tensor is now straightforward. We simplify the
notation by defining, for use in the next section:
fk,l = k× l (28)
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gk,l =
k2
(k + l)2
(k× l) (29)
hk,l =
1
2
(fk,l − gk,l − gl,k) (30)
tk,l,m = fk,lhk+l,m − hl,mhk,l+m + hk,mhl,k+m (31)
Arnold’s results can then be summarized:
∇LkLl = hk,lLk+l (32)
∇Lk∇LlLm = hl,mhk,l+mLk,l+m (33)
R(Lk, Ll)Lm = tk,l,mLk+l+m (34)
where we have used the definition (13). The components of the Riemann tensor
become
RLk ,Ll,Lm,Ln = 4π
2n2tk,l,mδk+l+m+n (35)
Arnold shows (though we will not go into detail here – the proof simply involves
two-vector algebra) that the components can be written
RLk ,Ll,Lm,Ln = 4π
2
[
(k×m)2(l× n)2
|k+m||l+ n|
−
(k× n)2(l×m)2
|k+ n||l+m|
]
δk+l+m+n (36)
4 The Curvature of SDiff(Klein Bottle)
The Klein bottle can be seen as a Mo¨bius band with periodic boundary conditions.
A 2π × π Klein bottle can be constructed from the 2π × 2π plane by making the
identifications
(x, y) = (x+ 2π, y) (37)
(x, y) = (2π − x, y + π) (38)
Due to the reflection (38), this is a non-orientable manifold, although it has the
same intrinsic geometry as the torus. Any diffeomorphism on the manifold must be
6
invariant under the above identifications – this places a restriction on the possible
diffeomorphism generators. As Pope and Romans [11] have stated, the allowed
generators are
ek = Lk − (−)
k2Lk (39)
where
k =
(
−k1
k2
)
(40)
and the Lk are the diffeomorphism generators on the torus. The ek have the required
properties
ek(x, y) = ek(x+ 2π, y) (41)
ek(x, y) = ek(2π − x, y + π) (42)
and are hence invariant under (37) and (38). Note that (39) also generate a subgroup
of diffeomorphisms on the torus.
Although there is no continuous volume-form on the Klein bottle, there is no
problem with integrating a scalar field over this manifold, and we can obtain the
metric in the same way as for the torus. In the fluid dynamical interpretation, this
is just the kinetic energy of the fluid on the Klein bottle, which is well-defined. The
metric at the identity on SDiff(Klein bottle) is
〈ek, el〉 =
∫ 2pi
x=0
∫ pi
y=0
dx dy ∇[eik·x − (−)k2eik·x] · ∇[eil·x − (−)l2eil·x] (43)
=
1
2
∫ 2pi
x=0
∫ 2pi
y=0
dx dy ∇[eik·x − (−)k2eik·x] · ∇[eil·x − (−)l2eil·x] (44)
= 4π2k2[δk+l − (−)
k2δ
k+l] (45)
The Lie bracket can be derived using linearity:
[ek, el] = [Lk, Ll]− (−)
k2 [Lk, Ll]− (−)
l2 [Lk, Ll] + (−)
k2+l2 [Lk, Ll] (46)
= (k× l)ek+l − (−)
k2(k× l)ek+l (47)
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To calculate B(ek, el), we expand on the set {ek}. From (39), we see that
ek = −(−)
k2ek (48)
so that ek = 0 for k1 = 0, k2 even, and that there is no need to sum over negative
values of k1 in an expansion. Alternatively, we can sum over all values of k1 and k2:
B(ek, el) =
∞∑
m1=−∞
∞∑
m2=−∞
bmklem (49)
and then impose the condition
bmkl = −(−)
m2bmkl (50)
without losing any generality. Using (10) together with (50), we arrive at
B(ek, el) = k
2
[
(k× l)
(k+ l)2
ek+l − (−)
k2
(k× l)
(k+ l)2
ek+l
]
(51)
Writing these results in terms of the notation of section 3, we have
[ek, el] = fk,lek+l − (−)
k2fk,lek+l (52)
B(ek, el) = gk,lek+l − (−)
k2gk,lek+l (53)
It follows that
∇ekel = hk,lek+l − (−)
k2hk,lek+l (54)
∇ek∇elem = hl,mhk,l+mek+l+m − (−)
k2hl,mhk,l+mek+l+m
−(−)l2hl,mhk,l+mek+l+m + (−)
k2+l2hl,mhk,l+mek+l+m (55)
∇[ek,el]em = fk,lhk+l,mek+l+m − (−)
k2fk,lhk+l,mek+l+m
−(−)l2fk,lhk+l,mek+l+m + (−)
k2+l2fk,lhk+l,mek+l+m (56)
The Riemann tensor for the group of volume-preserving diffeomorphisms of the
Klein bottle is therefore
R(ek, el)em = tk,l,mek+l+m − (−)
k2tk,l,mek+l+m
−(−)l2tk,l,mek+l+m + (−)
k2+l2tk,l,mek+l+m (57)
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Its components become, using the metric (45):
Rek,el,em,en = Tk,l,m,n − (−)
k2Tk,l,m,n − (−)
l2Tk,l,m,n − (−)
m2Tk,l,m,n
+(−)k2+l2Tk,l,m,n + (−)
l2+m2Tk,l,m,n + (−)
k2+m2Tk,l,m,n
−(−)k2+l2+m2Tk,l,m,n (58)
where the Tk,l,m,n, denote the components of the curvature for the torus (36). This
can be more compactly written by using Tk,l,m,n = Tk,l,m,n and k2+ l2+m2+n2 = 0
for Rk,l,m,n non-zero:
Rek,el,em,en =
1
2
∑
µ,ν,ρ,σ
µk2+1νl2+1ρm2+1σn2+1T(µk1,k2),(νl1,l2),(ρm1,m2),(σn1,n2) (59)
where the Greek variables take the values 1 or −1. In this form the symmetries
Rek,el,em,en = Rem,en,ek,el = −Rel,ek,em,en = −Rek ,el,en,em (60)
are apparent.
5 The Sectional Curvature
We now proceed to calculate the sectional curvature for a pair of real diffeomorphism
generators on the Klein bottle. Consider the vectors
ξk = (Lk + L−k)− (−)
k2(Lk + L−k) (61)
By the linearity of the Riemann tensor, we can write
Rξk ,ξl,ξk,ξl =
∑
µ,ν,ρ,σ
Reµk ,eνl,eρk,eσl (62)
Using the symmetries (60), this can be expressed as
Rξk,ξl,ξk,ξl = 4Rek,el,ek,e−l + 4Rek,el,e−k,el + 2Rek,el,ek,el
+2Rek,e−l,ek,e−l + 2Rek,el,e−k,e−l + 2Rek,e−l,e−k,el (63)
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Since Tk,l,m,n is non-zero only if k + l +m + n = 0, all terms in Rξk ,ξl,ξk,ξl will
vanish unless k and l obey the relations
µk1 + νl1 + ρk1 + σl1 = 0 (64)
αk2 + βl2 + γk2 + δl2 = 0 (65)
Therefore, the only terms which always contribute are those for which µ + ρ =
ν + σ = α + γ = β + δ = 0. By inspection of (63), all of these are included in
2Rek,el,e−k,e−l + 2Rek,e−l,e−k,el
where, from (58)
Rek,el,e−k,e−l = Tk,l,−k,−l + Tk,l,−k,−l (66)
Rek,e−l,e−k,el = Tk,−l,−k,l + Tk,−l,−k,l (67)
and all other terms vanish when k and l obey no special relations of the form (64),
(65). Using (36) to calculate these terms, we arrive at
Rξk ,ξl,ξk,ξl = −8π
2
[
(k× l)4
(k+ l)2
+
(k× l)4
(k+ l)2
+
(k× l)4
(k− l)2
+
(k× l)4
(k− l)2
]
(68)
Using (45) to give us the orthogonality relations 〈ξk, ξk〉 = 8π
2k2, 〈ξl, ξl〉 = 8π
2l2,
〈ξk, ξl〉 = 0, together with (15), we express the sectional curvature in a form similar
to that of Arnold [2]:
Cξk,ξl = −
(k2 + l2)
16π2
[
sin2 α sin2 β + sin2 α sin2 β
]
(69)
where α, β, α and β are the angles between k and l, (k + l) and (k − l), k and l
and (k + l) and (k− l) respectively. For the general case, therefore, the sectional
curvature is non-positive.
It remains for us to calculate the sectional curvature for ξk and ξl such that k and
l have a non-trivial relationship of the form (64), (65). As an example, we consider
the case k2 = l2, k1 6= ±l1, where k1, l1, k2, l2 6= 0.
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In addition to the terms already considered, there is also a contribution from
2Rek,e−l,ek,e−l = 2Tk,−l,k,−l + 2Tk,−l,k,−l
giving the result
Cξk,ξl =
1
8π2
[
2(k× k)2(l× l)2
(k+ k)2
− 2
(k× l)4
(k− l)2
− 2
(k× l)4
(k− l)2
−
(k× l)4
(k+ l)2
−
(k× l)4
(k+ l)2
]
(70)
Calculation in individual cases shows the sign of this quantity to be indefinite.
Using (10), we see that
〈ξk, [ξl, em]〉 = 〈em, B(ξk, ξl)〉 (71)
and it can be shown that
B(ξk, ξk) = 0 (72)
so that ξk generates a stationary flow. As the Klein bottle is locally Euclidean,
it seems that Lukatskii’s theorem should apply. In the general case, there is no
disagreement – however, the special case (70) can give a positive sectional curvature.
The vectors ξk also generate diffeomorphisms on the torus, and we can derive
the curvature with respect to these simply by using linearity. The result is
Rξk ,ξl,ξk,ξl =
∑
µ,ν,ρ,σ
Reµk ,eνl,eρk,eσl (73)
where
Rek ,el,em,en =
∑
µ,ν,ρ,σ
µk2+1νl2+1ρm2+1σn2+1T(µk1,k2),(νl1,l2),(ρm1,m2),(σn1,n2) (74)
i.e. the same as for the Klein bottle apart from the absence of the factor 1/2. As
the form of the scalar product is also the same, the sectional curvature will have the
same sign. Furthermore, from
〈ξk, [ξl, Lm]〉 = 〈Lm, B(ξk, ξl)〉 (75)
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we can show that B(ξk, ξk) = 0, so that the ξk also generate stationary flows on the
torus. We have therefore found a pair of diffeomorphism generators on the torus
which disobey Lukatskii’s theorem. We now investigate this theorem in detail.
6 Lukatskii’s Theorem
Lukatskii [9] gives the following formula for the (unnormalized) sectional curvature
with respect to the volume-preserving diffeomorphism generators u and v:
Ru,v,u,v = −
1
4
[h(χ(u, v), χ(u, v)) + h(χ(u, u), χ(v, v))] (76)
h(w, x) ≡ 〈wˆ, xˆ〉 (77)
χ(u, v) ≡ Duv +Dvu (78)
where wˆ is the projection of a vector w on DiffM onto the space of vectors orthogonal
to SDiffM, and
Duv = u
a∂av
b∂b (79)
for u = ua∂a
We restrict our considerations to the torus. To calculate the projections, we
introduce generators of DiffM:
wk,a = e
ik·x∂a (80)
with the scalar product
〈wk,a, wl,b〉 = 4π
2δabδk+l (81)
This is just the extension of (3) to non-volume-preserving diffeomorphisms.
We denote the vectors orthogonal to the Lk by Mk. We have
Lk = iǫ
abkbwk,a (82)
Mk = iδ
abkbwk,a (83)
〈Lk,Ml〉 = 0 (84)
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The Lk and Mk span DiffM:
wk,a = (ǫabLk + δabMk)
kb
ik2
(85)
Using (79), we obtain
χ(Lk, Ll) = i(k× l)ǫ
ab(lb − kb)wk+l,a (86)
Projecting onto the space orthogonal to SDiffM by considering the second term in
(85), we arrive at
χˆ(Lk, Ll) = 2
(k× l)2
(k+ l)2
Mk+l (87)
Lukatskii states that if u or v generates a stationary flow, the second term in (76)
vanishes. This is certainly true for the vectors Lk + L−k considered by Arnold, and
it is easy to show that the use of (76) together with (87) for these vectors produces
his results. However, if we consider ek = Lk − (−)
k2Lk on the torus then we obtain,
by linearity:
χˆ(ek, el) = 2
(k× l)2
(k+ l)2
[
Mk+l + (−)
k2+l2Mk+l
]
− 2
(k× l)2
(k+ l)2
[
(−)k2Mk+l + (−)
l2Mk+l
]
(88)
so that
χˆ(ek, ek) = −4(−)
k2
(k× k)2
(k+ k)2
Mk+k (89)
giving
〈χˆ(ek, ek), χˆ(el, el)〉 = 64π
2 (k× k)
2(l× l)2
(k+ k)2
δ
k+l+k+l (90)
We see that this term is non-zero if k + l + k + l = 0, ie: if k2 + l2 = 0. As
B(ek, ek) = 0, the ek generate stationary flows, and we deduce that Lukatskii’s
statement is incorrect. Note, however, that for most k and l, the term vanishes, and
Lukatskii’s theorem holds.
For k2 + l2 = 0, k1 6= ±l1 and k1, l1, k2, l2 6= 0, the other term in (76) is
〈χˆ(ek, el), χˆ(ek, el)〉 = 32π
2
[
(k× l)4
(k + l)2
+
(k× l)4
(k+ l)2
]
(91)
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We suspect further that there is a misprint in [9], and that (76) should be
Ru,v,u,v = −
1
4
[h(χ(u, v), χ(u, v))− h(χ(u, u), χ(v, v))] (92)
Then
Rek,el,ek,el = 8π
2
[
2
(k× k)2(l× l)2
(k+ k)2
−
(k× l)4
(k+ l)2
−
(k× l)4
(k+ l)2
]
(93)
which agrees with the result derived by using the linearity of the Riemann tensor.
Similarly, it can be shown that (92) produces the correct results for a general linear
combination of the Lk. In particular, it can be used to derive the expression (70)
for the real flows ξk and ξl, where k2 = l2.
Using the first term in (85), we see that
P [DLkLl] =
(k× l)l · (k+ l)
(k+ l)2
Lk+l (94)
where P[ ] denotes the projection onto the Lie algebra of SDiffM. This gives
P [DLkLl] = ∇LkLl (95)
By linearity, this holds for all vectors. In fact, Nakamura et al [10] use Duv as the
definition of ∇uv. The calculations are unaffected since only the projection onto
SDiffM is used. (16) gives us
∂v
∂t
= −P [Dvv] (96)
If Dvv = 0, then v certainly generates a stationary flow, and Lukatskii’s theorem
holds, since χˆ(v, v) = 0. However, in general, we only require that P [Dvv] = 0, for
which χˆ(v, v) does not necessarily vanish. Lukatskii’s theorem therefore only works
for a subclass of stationary flows.
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7 The Projective Plane
The projective plane can be constructed from a 2π × 2π plane by making two re-
flections:
(x, y) = (x+ π, π − y) (97)
(x, y) = (π − x, y + π) (98)
As stated in [11], generators which are invariant under these identifications have the
form
fk = (Lk + L−k)− (−)
k1+k2(Lk + L−k) (99)
As the calculation is similar to that for the Klein bottle, we do not go into
detail. The components of the Riemann tensor for the group of diffeomorphisms on
the projective plane are
Rfk,fl,fm,fn =
1
4
∑
α,β,γ,δ
∑
µ,ν,ρ,σ
[(αµ)k1+k2+1(βν)l1+l2+1(γρ)m1+m2+1(δσ)n1+n2+1
T(µk1,αk2),(νl1,βl2),(ρm1,γm2),(σn1,δn2)] (100)
The sectional curvature with respect to fk and fl is given exactly by (69) in the
general case. In special cases of the form (64) and (65) the sign of the sectional
curvature is indefinite.
Alternatively, a curved version of the projective plane can be formed by identi-
fying antipodal points on a sphere, ie:
(θ, φ) = (π − θ, φ+ π) (101)
On this manifold, the spherical harmonics Ylm(θ, φ) are a complete set of basis
functions. The diffeomorphism generators can therefore be constructed from
Llm =
1
sin θ
ǫab∂bYlm∂a (102)
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These are invariant under (101) if and only if l is odd.
By symmetry, we have
〈Ll1m1 , Ll2m2〉projective plane =
1
2
〈Ll1m1 , Ll2m2〉sphere (103)
Using this together with the expressions for the Lie bracket and covariant derivative
derived by Arakelyan and Savvidy [12] for the sphere:
[Ll1m1 , Ll2m2 ] =
∑
l3,m3
Gl3m3l1m1l2m2Ll3m3 (104)
∇Ll1m1Ll2m2 =
∑
l3,m3
Γl3m3l1m1l2m2Ll3m3 (105)
Gl3m3l1m1l2m2 = Γ
l3m3
l1m1l2m2
= 0, l1 + l2 + l3 even (106)
we see that we can calculate the curvature of SDiff(projective plane) simply by
considering the curvature with respect to the Llm, where l is odd, on the sphere.
For an expression for the curvature, we refer to [12].
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